In comparison to the large amount of work that has been carried out on the analysis of Saint-Venant's principle for solutions of various elliptic boundary problems in elasticity (see [6, 8] , and the references therein), the related studies to investigate the spatial decay of solutions for flow problems in fluid dynamics are still considerably fewer in the literature.
Introduction.
In comparison to the large amount of work that has been carried out on the analysis of Saint-Venant's principle for solutions of various elliptic boundary problems in elasticity (see [6, 8] , and the references therein), the related studies to investigate the spatial decay of solutions for flow problems in fluid dynamics are still considerably fewer in the literature.
Horgan and Wheeler [11] presented Saint-Venant type results within the general framework of the Navier-Stokes equations governing the steady laminar flow of an incompressible viscous fluid in a cylindrical pipe of arbitrary cross section. These authors studied the classical entry flow problem of viscous laminar flow theory and showed that the decay rate, which depended upon the Reynolds number, the prescribed entry profile of the base flow, and the cross section of the pipe, was exponential.
A two-dimensional version of this problem with more explicit results was also investigated by Horgan [9] . Ames and Payne [2] readdressed the problem studied in [11] with a somewhat different approach in formulation of the problem and methodology. They relaxed the assumption that the flow is fully developed at the exit section and obtained more explicit estimates for a weighted energy integral associated with the flow.
It is well known that the stream function in two-dimensional Stokes flow satisfies a biharmonic equation; hence the study of the spatial evolution of stationary Stokes flows in a semi-infinite parallel plate channel has direct relevance to the results of Saint-Venant's principle in plane elastostatics, where the latter problems have been well studied by many authors [7, 13, 15, 17, 19] . On the other hand, it was shown by a number of investigators [3, 4, 10, 14] that for some initial boundary value problems, the solutions of parabolic equations enjoy the spatial decay behavior of their counterparts for related elliptic equations. A natural question then arises as to whether or not the same exponential spatial decay behavior is present for the solution of transient Stokes flow. The investigations of this question have only been carried out recently. Lin [16] presented a study dealing with two-dimensional flow of the time-dependent Stokes equation. The author established an exponential decay estimate for an energy expression associated with the velocity field. The three-dimensional version of the unsteady pipe flow problem was studied recently by Ames, Payne, and Schaefer [1] . These authors developed different techniques from those of [16] for establishing decay results.
In this paper, we investigate the unsteady plane flow through a porous medium in a semi-infinite rectangular strip.
We model the porous medium by the BrinkmanForchheimer flow model [5] , which is useful in the study of a high porosity porous medium. It is now generally accepted that this model is superior to Darcy's law in that it accounts for the necessary boundary conditions at an interface and the fluid inertia. When the Reynolds number of the flow is greater than unity, it is now suggested that Forchheimer inertia corrections are, generally, needed in the Brinkman equation. As was indicated in [20] , in which the spatial decay results in the three-dimensional case were established, the nonlinearity appearing in this model makes the problems considerably more complicated than the Stokes flow problem, although the nonlinear term is of only the quadratic form. Since the plane flow equation has entirely different features, we here present the analogous exponential decay results for the plane Brinkman-Forchheimer flow in a semi-infinite strip.
The plan of the paper is as follows:
In the next section, we formulate the initial boundary problem that serves as the basis for our analysis. After recording, in §3, some auxiliary results that we use later on, we establish an inequality for the energy expression in §4. Comparison of the BrinkmanForchheimer flow to the Brinkman flow whose initial boundary data coincide with that of the former is made in §5. Section 6 is then devoted to a description of how bounds for the total energy in terms of data, the physical parameters, and geometry can be derived.
Statement
of the problem. Let R be the semi-infinite strip for which 0 < X\ < oo, 0 < X2 < h. The subdomain of R for which X\ > z is denoted by Rz, and so Ro = R.
The line segment containing the points (z,x2) is denoted by Lz for each z > 0.
The velocity field ua{x\,x2,t) {a -1,2) and the pressure p(xi,x2,t) of the fluid are assumed to be classical solutions of the following initial-boundary problem:
where Eq. (2.1) is the nondimensional form of the Brinkman-Forchheimer equation [5] which describes the flow through a porous medium with consideration of boundary layer and inertial effects, A denotes the Laplace operator, the comma in the subscript denotes partial differentiation, and repeated index convention is used. Here J\ and J2 are two physical parameters (constants), J\ being connected with Darcy velocity and J2 with the Forchheimer inertial drag term. As was pointed out earlier when the fluid inertia cannot be neglected, it is necessary to augment the Forchheimer drag term to the Brinkman equation.
The functions ga{x2,t) (a = 1,2) are assumed to satisfy the compatibility condition <?a(0,t) = ga(h,t) = 0. We remark that in the special case when J\ = 0, J2 = 0, problem (2.1)-(2.5) reduces the Stokes flow equation considered in [16] . For the two-dimensional problems, it is convenient to introduce a stream function (f)(xi,x2,t)
Using the stream function 4>{x\,x2,t) and eliminating the pressure in (2.1), we transform problem (2.1)-(2.5) into the initial boundary value problem for a fourth-order equation:
where g2 = glt gx = -g2. We assume further the following asymptotic behavior for 0 and its derivatives:
<t>, 4>,a, 4>,ap, <p,at -> 0 (uniformly in x2, t) as Xi -> oo. (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) We define an energy integral for the solution 0 of (2.7)-(2.11) by (2.12)
Physically, the first term on the right-hand side of (2.12) (see [9] ) represents a measure of energy dissipation. Following [9] , [16] our aim is to establish a differential inequality and then to deduce an exponential decay estimate for the energy expression E(z,t).
3. Auxiliary inequalities.
In order to derive a differential inequality for the energy function E(z, t) we shall make frequent use of the Schwarz inequality and the arithmeticgeometric mean (AG) inequality. In addition, we also need the following four inequalities, The first three inequalities are known as the Wirtinger-type inequality [7] , whereas the fourth inequality is a Sobolev inequality [2, 9] .
Energy estimates.
In this section, we devote ourselves to establishing the exponential decay estimates for E(z,t).
It is convenient to define a weighted energy of the -2 7f2 ^ I 4>,aff4),a0 dA 2 We remark here that the Sobolev inequality is applicable in the domain Rz provided 4> and <fr.\ have already been evenly extended below x\ = z. In fact, let <j> be an even extension of 4> about x\ = z, defined by 4>(x1,x2,t) = 4>(xi,x2,t) if x\ > z, 4>(2z -xi,x2,t) if x\ < z. We now turn to estimate I2. It is observed that I. From (4.31) it can be easily deduced (see [9] , [16] ) that E(z, t) < KE{0, t)e~UJZ, z> 0 It is now of interest to relate our results with those of [16] . We note that if we set Jl -0, J2 = 0 in (4.26) and (4.27) and identify K\ = M and K2 = in the above equations, then our results exactly reduce to those of [16] . Further explicit decay rate comparison, however, is not possible at this point since the third term on the right-hand side of (4.26) is not yet estimated. We can, however, demonstrate the following physical implication of (4.32) and (4.33).
In view of the fact that Thus, a; is a decreasing function of J\ and J2. This implies that the decay rate for flow in the B-F model is lower than that for the flow in a pure viscous fluid. We can thus conclude that both the porosity of the medium as well as the inertial drag have the effect of reducing the energy decay rate.
5. Bound for maxo<r<t fR (t>,/3(t>,f3 dA. It was noted in the previous section that the constant A'i in (4.26) depends upon the quantity maxo<r<t fR 4>^(j)^dA. However, it is important for an a priori estimate that the estimate constants do not depend on the solution cp of the initial-boundary problem (2.7) (2.11). Our next task, therefore, is to show that the quantity maxo<T<t fR dA has an upper bound that only depends upon the known data, i.e., the initial-boundary data, the physical parameters J1, J2, and the strip width h. Due to the difficulties caused by the nonlinearity of Eq. (2.7), we are not able to accomplish this in a direct way. Motivated by the idea of treating the problem of the steady Navier-Stokes equation [2, 18] , we could, however, compare the solution of the initial-boundary value problem of the nonlinear equation to the solution of the initial-boundary value problem of the corresponding linearized equation. In this manner, we will show that some integral terms involving the solution to the nonlinear
equations can be controlled by those involving the solution to the linearized equation. In the next section, we will then show that the latter integral terms are bounded above only in terms of the initial-boundary data, physical parameters Ji, J2, and the strip width h. We consider the following initial boundary value problem:
i>,aat = ^,aa00 ~ Jl1p,aa in R* (0, 00), We note that such restrictions are needed in order to derive the desired decay results for solution of nonlinear equations. We remark that similar situations were encountered in [2] , [11] for the study of the Navier-Stokes equation and in [20] for the study of the three-dimensional Brinkman-Forchheimer equation. 
